Proposition: If G is finite, if H is a subgroup, then (G : H) (H : 1) = (G : 1).
Assume as given the following facts:
1. The integers Z form an additive group. 2. Assume that a,y ∈ Z and that a > 0. Then there exists integers n and r with 0 ≤ r < a such that y = na+r.
Proposition:
Let H be a subgroup of the set of integers Z. Let a be the smallest
Definition: Let (G,·) be a group. We say that G is cyclic, if there exists an element a ∈ G such that all elements g ∈ G can be written in the form a n with an integer n. Such an element a is called a generator in G.
If a is a generator of a cyclic group G, then so is a -1 .
Let (G,·) be a group and a ∈ G. Then <a> = { a n | n ∈ Z } is a cyclic subgroup of G. Let G be a group and a ∈ G. Let f: Z → G be the homomorphism defined by f(n) = a n . (Why is this a homomorphism? ) Let H = ker(f) = { n ∈ Z | f(n) = e G }. Two cases arise: First case is H = {0}. Then the subgroup <a> has infinitely many elements. The second case is H = { nd | n ∈ Z } for a positive number d. Proposition: Let G be a finite group of order n > 1. Let a ∈ G, a ≠ e G be an element of G. Then the period of a exists and divides n.
Corollary:
If G is a finite group and its order is a prime p. Then G is cyclic and the period of any element of G other than the identity element is p.
